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ABSTRACT 
 
A  f i n i t e  e l e me n t  mo d e l  f o r  a n a l y s i n g  s t a t i c  p r o b l e ms  
o f  t h r e e - d i me n s i o n a l  t h i n  p a n e l  c o n s t r u c t i o n s  i s  
p r e s e n t e d .  T h e  p o t e n t i a l  e n e r g y  o f  s t r e t c h i n g  o f  e a c h  
p a n e l  i s  r e p r e s e n t e d  b y  t h e  c l a s s i c a l  R e i s s n e r  
f o r mu l a t i o n  o f  t w o - d i me n s i o n a l  e l a s t i c i t y ,  a n d  i n  t h e  
f i n i t e  e l e m e n t  d i s c r e t i s a t i o n  p i e c e w i s e  c o n s t a n t  
s t r e s s e s  a n d  p i e c e w i s e  l i n e a r  u - ,  v -  d i s p l a c e m e n t s  
a r e  u s e d .  T h e  p o t e n t i a l  e n e r g y  o f  b e n d i n g  o f  e a c h  
p a n e l  i s  r e p r e s e n t e d  i n  t h e  f i n i t e  e l e m e n t  d i s c r e t i s a t i o n  
by Herrmann's  model ,  i .e .  p iecewise constant  moments  
and  p iecewise  l inea r  w  -  d i sp lacements .   The  phys ica l  
a p p r o p r i a t e n e s s  o f  t h e  m o d e l  i s  v e r i f i e d  f o r  d i f f e r e n t  
a s s e m b l a g e s  o f  p a n e l s ,  a n d  i n  a l l  c a s e s  g o o d  n u m e r i c a l  
r e s u l t s  a r e  o b t a i n e d .  
1.  The descr ipt ion of  the  model .  
The tota l  potent ia l  energy of  a  three-dimensional  thin  panel  
s t ruc ture  i s  expressed  in  the  form  
(1)    ‡”
N
1=k k
= ΠΠ  
where  N i s  the  number  of  pane ls  and  
(2)      ,b,k+s,k=k ΠΠΠ
s,kΠ  and   be ing  respec t ive ly  the  po ten t i a l  energ ies  o f  the   b,kΠ
k - th  pane l  in  s t re tch ing  and  bending .  
 Using the Reissner  energy formulat ion of  two-dimensional  
e l a s t i c i t y  [ 4 ] ,  t h e  s t r e t c h i n g  p o t e n t i a l  e n e r g y  o f  t h e  k  - t h  p a n e l  
c a n  b e  w r i t t e n  a s  
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where y,x  is a local  co-ordinate system in the middle plane  ofkΩ
the panel,  and  is the part of the boundary s,kΓ kΓ of kΩ on which the 
boundary force )yp,xp(  is prescribed. Further E is Young's m o d u l u s , 
kh  i s  the  th ickness  of  the  k- th  pane l  and  the  quadra t ic  form b  i s  
d e f i n e d  b y  
(4)  )2()1(22)(),,(b ξη−ζμ++η+ξ=ζηξ  
wi th  µ  the  Poisson 's  ra t io .  
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I n  o u r  m o d e l  w e  a s s u m e  t h a t  kΩ h a s  a  p o l y g o n a l  b o u n d a r y .  
W e  a p p r o x i m a t e  t h e  d i s p l a c e m e n t  c o m p o n e n t s  u  a n d  v  i n  t h e  
d i r e c t i o n s  x  a n d  y ,  r e s p e c t i v e l y ,  b y  c o n t i n u o u s  f u n c t i o n s  w h i c h  
a r e  l i n e a r  o n  t h e  t r i a n g l e s  jT  o f  a  g i v e n  t r i a n g u l a t i o n  o f   kΩ
w h i l e  t h e  s t r e s s  c o m p o n e n t s  yx,y,x τσσ  a r e  c o n s t a n t  o n  .  jT
The local components x  y  and yp,xp  of prescribed body and boundary 
fo rces ,  r e spec t ive ly ,  a re  approx imated  on  the  t r i ang les  jT  by  c o n s t a n t s .  
For  we choose Herrmann's formulation [2],  [5]: b,kΠ
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the  quadra t i c  fo rm b  be ing  def ined  by  (4 ) .  Here  n k  i s  the  n u m b e r  
o f  t r i a n g l e s  i n  t h e  g i v e n  t r i a n g u l a t i o n  o f  jk T, ∂Ω  d e n o t e s  t h e  
b o u n d a r y  o f  T . ,  a n d  t h e  m o m e n t  o f  M  i s  g i v e n  b y  
( 6 )  )yMxM(vsM −−=  co s α  s i n α  +  yxM  (  c os 2 α  - s i n 2 α )  ,   
α  b e i n g  t h e  a n g l e  ma d e  b y  t h e  o u t w a r d  n o r ma l  v  t o  a  s i d e  o f  T j .  
w i t h  t h e  p o s i t i v e  d i r e c t i o n  o f x .  
The  d isp lacement  component  W in  the  d i rec t ion  of  the  ax is  z  
(which forms with the axes x ,  y  a  cartesian right-handed set)  is  
approximated by a continuous function which is l inear on the 
triangles Tj.   The moments M x ,  M y , yxM are approximated on the 
t r iangles  T j .  by  cons tan ts  in  such  a  way tha t  the  normal  moment 
M v  i s  con t inuous  ac ross  a l l  in te re lement  boundar ies .  Th i s  i s 
always possible because 
(7) .αsinαcosyxM2αsinyMαcosxMvM
22 ++=   
 
- 2 - 
Prescribing on the sides .  of Til j .  constant values ,  we get viM
three independent equations for the three unknowns .yxMyMxM  
The normal load zq  is approximated on the triangles Tj.  by 
c o n s t a n t s .  T h e  e x p r e s s i o n s  f o r  zq,Y,X  can  be  ob t a ined  by  
decompos ing  a  g iven  fo r ce  F  i n t o  t h e  fo r m 
(8)   ,321 izqiYiXF ++= −
321 iandi,i  b e i n g  t h e  u n i t  v e c t o r s  i n  t h e  d i r e c t i o n s  o f  t h e   
axes  y,x  and  z  r e s p e c t i v e l y .  
The whole construction is considered in terms of one global 
cartesian co-ordinate system x, y, z.  The displacement vector 
(9)  3iw2iv1iuu ++=  
must  be cont inuous in  the construct ion,  where 1i , 2i   and 3i   
a re  the  uni t  vec tors  in  the  d i rec t ions  of  the  axes  x ,  y  and  z ,  
respectively.  This is guaranteed by prescribing the parameters  
iw,iv,iu  a t  the  ver t ices  P i  o f  a l l  t r i angles  in to  which  the  
construction is divided.  The relations between the local 
components  iii iiiw,v,u and the global  components   of  w,v,u
the displacement  vector  a t  the  point  P i  are  
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with  .i.iβ kjjk =  
The parameters corresponding to stress components and normal. 
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m o m e n t s  a r e  c o n s i d e r e d  i n  t h e i r  l o c a l  c o n t e x t .   W e  p r e s c r i b e  
f i f t e e n  p a r a m e t e r s  f o r  e a c h  t r i a n g l e .   T h e s e  a r e  
 )3,2,1i(ipatiw,iv,iu =
yxyx τ,,σσ  at  the centre of gravity  
Mv 1, Mv 2, Mv 3 on the sides. 
Let the jth triangle have the vertices Pq ,  Pr ,  Ps  and let 
(11)  ,v,v,v,u,u,u, srqsrqyxτ,y,x(j σσ=Δ
l  
  T)w,w,w srq,vsqM,vrsM,vqrM  
b e  t h e  v e c t o r  o f  l o c a l  p a r a me t e r s  o f  t h i s  e l e me n t .   T h e  p o t e n t i a l  
e n e r g y  o f  t h e  j t h  t r i a n g l e  c a n  b e  w r i t t e n  i n  t h e  fo r m 
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T h e  m a t r i c e s  o f  t h i r d  o r d e r  jH,jG,jV,jU,jQ  a n d  t h e  
t h r e e - d i m e n s i o n a l  v e c t o r s  j,zf,j,yf,j,xf a r e  c o m p u t e d  i n  
the local co-ordinate system .z,y,x   Details are omitted 
b e c a u s e  o f  t h e i r  s i m p l i c i t y .  
Let 
 
(15) ,sv,rv,qv,su,ru,qu,yx
τ,y,x(j
g σσ=Δ  
  T)sw,rw,qw,vsqM,vrsM,vqrM
b e  t h e  v e c t o r  o f  g l o b a l  p a r a me t e r s  o f  t h e  j t h  t r i a n g l e .  
Then  
(16)  j
g
jLj Δ=Δl  
w h e r e ,  a c c o r d i n g  t o  ( 1 0 ) ,  
(17) 
⎥⎥
⎥⎥
⎥⎥
⎦
⎤
⎢⎢
⎢⎢
⎢⎢
⎣
⎡
=
IβoIβIβo
oIooo
IβoIβIβo
IβoIβIβo
ooooI
L
333231
232221
131211
j  
I  i s  t h e  u n i t  m a t r i x  a n d  o  i s  t h e  z e r o  m a t r i x ,  b o t h  b e i n g  
o f  o r d e r  3 .  
jT h e  p o t e n t i a l  e n e r g y   Π  o f  t h e  j t h  t r i a n g l e  c a n  b e  w r i t t e n  
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in the form 
(18)  jf
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where, according to (12 ) and (16 ),  
(19)   ,jLjK
T
jLjK
g l=  
(20)   .jf
T
jLjf
g l=  
The resulting system of linear equations 
(21)   fK =Δ  
i s  cons t ruc ted  f rom the  mat r ices  jK
g  and  vec tors  jf
g .  t ak ing  
i n t o  a c c o u n t  t h e  b o u n d a r y  c o n d i t i o n s  f o r  b o t h  t h e  g l o b a l  
displacement  components  and normal  moments ,  and the r e l a t i o n s  
f o r  n o r ma l  mome n t s  o n  t h e  e d g e s  o f  t h e  c o n s t r u c t i o n  ( i . e . ,  o n  
the  l ines  o f  con tac t  o f  pane l s ) .  Thus  the  vec to r s  Δ  c o n s i s t    
o f  a l l  loca l  s t r ess  componen ts ,  independen t  g loba l  d i s p l a c e -
ment components, and independent moments. The numbering of these  
parameters  can be done so as  to  minimize the band-width of  K .  
A l t h o u g h  K i s  a n  i n d e f i n i t e  m a t r i x ,  t h i s  w i l l  c a u s e  n o  t r o u b l e  
as  long  as  the  sys tem (21)  i s  so lved  by  the  Gauss  e l imina t ion  
m e t h o d .  
The  boundary   o f  the  cons t ruc t ion  i s  the  union  of  the  Γ
boundar ies  of  a l l  pane ls .   We sha l l  cons ider  the  s imples t  case  
of boundary conditions only when some part  1Γ  of Γ  is  clamped, 
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another part  is simply supported and the remaining part  2Γ
3Γ  is free.  We assume that no external moments act on .  3Γ
E . g . ,   i f   i s  p a r a l l e l  t o  t h e  a x i s  z  t h e n  t h e  b o u n d a r y  2Γ
conditions take the form 
 
(22) .0
32v
M,0
1
w
21
v
21
u =Γ+Γ=Γ=Γ+Γ=Γ+Γ  
 
As to the relations for moments on edges,  they follow from 
the  condi t ion  tha t  the  sum of  moments  (wi th  respec t  to  the i r  
o r i e n t a t i o n s  i n  t h e  g l o b a l  s y s t e m)  mus t  b e  e q u a l  t o  z e r o -    
E.g., in Fig. 1a three panels have a common edge. If we or ien ta te  
the  loca l  z  -  axes  as  i s  shown in  F ig .1b  we have  
M1 - M2 + M3  = 0. 
( In  F ig .1b  the  curved  a r rows  deno te  the  pos i t ive  o r i en ta t ions  
o f  moments  a t  the  po in t  A  wi th  respec t  to  the  loca l  sys tems  as  
i t  i s  seen  f rom the  g loba l  sys tem) .  
I f  we use quadri la teral  "macroelements"  formed by four  
t r iangles  and el iminate  (or  "condense")  19 internal  parameters  
of  each quadri la teral  ( i .e .  12 s t ress  components ,  4  moments  
and 3 displacement components) the number of unknowns in the  
system (21)  and the band-width of  K  i s  considerably reduced 
In a l l  tes t  examples  this  condensat ion of  parameters  was used 
In  a  t r iangular  e lement  three s t ress  components  can be 
condensed.  
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2.   Some numerical  examples .  
2 .1 .  Narrow Triangular  Construct ion.  A t r iangle  consis t ing of  
three panels  as  shown in  Fig.2 is  considered.  The length a  of  the 
horizontal  panel  is  1•6m and the length of  both remaining panels  
is  given by b = 2  a  /2 .  The width and the thickness  of  a l l  three 
pane ls  i s   =  0 .1m and  h  =  0 .01m,  respec t ive ly .  The  hor izonta l  l
panel  i s  subdiv ided  in to  ten  equa l  rec tangles  "macroe lements"  
and  each of  both remaining panels  into  e ight  equal  rectangles .   
The segment  AB is  f ixed and the force P is  equal  to  2N.  
According to  the theory of  f rames consis t ing of  one-dimensional  
beams we have 
 ,Nm1022h28/p)283( 231
−=+=σ=σ l  
 ,Nm446h28/p)223( 22
−=+−=σ l  
,N478.128/pb)122(MAB −=−−= l  
,N955.214/pb)122(MM EFCD =−== l  
 ,N045.528/pb)223(MGH −=+−= l  
where  ( i  =  1 ,2 ,3)  is  the  axial  s t ress  in  the  i th  panel ,  i .e .  the  iσ
stress in the direction which is  parallel  to the longer side of the i th  
panel .  
The f ini te  e lement  method gives  the fol lowing resul ts  which 
show a good agreement  with  the exact  values  :  1σ  =  3σ   = 1025 Nm- 2 ,  
.N053.5M,N947.2MM,N458.1M,Nm449 GHEFCDAB
2
2 −===−=−=σ −  
 
2 .2 .  Wide Triangular  Construct ion.   The t r iangle  consis t ing of  
rectangular  panels  with  the width l  = 0.6m and with the same 
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parameters  a ,b ,h  as  in  Example 2 .1  is  considered.   The l inear  
densi ty  of  the given force remains  the same :  20 Nm- 1  .  
Two cases  are  considered :  (a)  the  u-parameters  on the 
segments  AC, CE,  AE,  BD, DF and BF are  f ree;  (b)  the u-parameters  
o n  t h e s e  s i x  s e g me n t s  a r e  e q u a l  t o  z e r o .  
The results for the moments, axial stresses, v-displacements and 
w-displacements should he in both cases (a) and (b) the same as in 
Example 2 .1 .   As to  the t ransverse  s t resses  they should be in    
case  (a)  equal  to  zero and in  case (b)  such that .  
(23)   .axialtransverse σμ=σ  
For  each panel  the  t ransverse  direct ion is  paral le l  to  the  
direct ion of  the  global  x-axis .  
The f ini te  e lement  procedure gives  the fol lowing resul ts  
for  the  moments .   On the segment  AB; 
-1.411N,  -1 .559N,  -1 .568N,  -1 .568N,  -1 .559N,  -1 .411N; 
on the segments  CD and EF :  
  2 .748N,  3 .099N,   3 .153N,   3 .153N,    3 .099N,    2 .748N 
and on the segment  GH: 
-5.067N,  -4 .981N,  4 .950N,   -4 .950N,  -4 ,981N,   -5 .067N. 
I n  e a c h  p a n e l  t h e  a x i a l  s t r e s s e s  d i f f e r  f r o m e l e me n t  t o  
element contrary to Example 2.1.  They are constant in the me a n  
o n l y ,  i . e .  i n  e a c h  p a n e l  t h e  e x p r e s s i o n  
∑ σ=σ
strip
ax6
1
ax  
i s  i n v a r i a n t ,  w h e r e  t h e  s u m i s  t a k e n  o v e r  t h e  s i x  e l e me n t s  
l y i n g  i n  t h e  s a me  s t r i p  w h i c h  i s  p a r a l l e l  t o  t h e  s e g me n t  A B  
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I n  t h e  c a s e  ( a )  t h e  t r a n s v e r s e  s t r e s s e s  a r e  e q u a l  t o  
zero in  the s t r ips  c lose to  the segments  AB and GH.  The 
t r a n s v e r s e  s t r e s s e s  i n  t h e  s t r i p s  w h i c h  a r e  v e r y  c l o s e  t o    
the  edges CD and EF are  a lmost  of  the same order  as  the   
axial  stresses.   This can be explained by the fact  that  a c c o r d i n g  
to the results of the finite element method the edges CD a nd  EF  
do not remain straight after the deflection,  whilst  the s e gme n t  
AB is f ixed, and thus straight.  
In  the  case (b)  the  computed s t resses  axandtrans σσ  
sa t isfy  (23)  " in  the mean",   i .e .  
   
∑ σμ=∑ σ
strip
,ax
strip
trans  
where  aga in  the  sum i s  t aken  over  s ix  e lements  ly ing  in  the  
s a me  s t r i p  w h i c h  i s  p a r a l l e l  t o  t h e  e d g e  A B .   M o r e o v e r ,  
( 2 3 )   i s  e x a c t l y  s a t i s f i e d  i n  t h e s e  e l e m e n t s  w h i c h  a r e  v e r y  
close either to the segment AB or to the segment GH. 
2 .3 .  Rec tangu la r  Pane l  Cons t ruc t ion .   As  the  th i rd  example   
the  cons t ruc t ion  o f  F ig .4a  i s  cons ide red .  Because  o f  the  
computa t iona l  t echn ique  each  node  i s  numbered  the  same  number  
o f  t i m e s  a s  t h e  n u m b e r  o f  p a n e l s  t o  w h i c h  i t  b e l o n g s .  S u c h  a  
number ing  seems  to  be  necessa ry  in  the  case  o f  edges  in  which  
th ree  o r  more  pane l s  mee t .   The  th ickness  h  and  the  wid th        l
of  each  pane l  i s  g iven  by  h  =  0 .01  m and   =  0 .1m,  respec t ive ly .  l
The edges AB and CD are simply supported and on the edge GH a 
f o r c e  P  w i t h  l i n e a r  d e n s i t y  2 0  N m - 1  a c t s .   T h e  l e n g t h s  a ,  b ,  c   
a r e  g iven  by  a  =  1 .6m,   b  =  1m,   c  =  0 .6m.  
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A c c o r d i n g  t o  t h e  t h e o r y  o f  f r a m e s  c o n s i s t i n g  o f    
o n e  d imens iona l  beams ,  we  have  fo r  the  abso lu te  va lues  o f  
the  ve r t i ca l  and .  hor izon ta l  r eac t ions  tha t  
V 1  =  cP /b  =  1 .2N,    V 2  =  (1  +  c /b )  P  =  3 .2N,  
H1 = H2 = 3c(3a+4b) P/8a(2a + 3b) = 0.399N.  
Thus  we  ge t  the  ax ia l  s t r e sses  
,2Nm310
2.1h/1V1
−==σ l  
,2Nm2
10
99.3h/2H2
−==σ l  
,2Nm310
2.1h/)2Vp(3
−−=−=σ l  
,2Nm310
2.3h/2V4
−−=−=σ l  
The  moments  can  a l so  be  de r ived  eas i ly ,  e .g . ,  
3,EFM  =  (V1  b  -  H1  a /2 ) /  =  8 .808N,  l
4,EFM  =  -  H2  a  /  2  =  -  3 .192N,  l
5,EFM  = -  Pc /  =  12N.  l
T h e  s y m b o l   ( i  =  3 , 4 , 5 )  d e n o t e s  t h e  n o r m a l  m o m e n t  o n  i,EFM
t h e  edge  EF in  the  i th  pane l .  
The  computed  va lues  a re  in  ve ry  good  agreement  wi th  the  
exac t  va lues  :  
,2NM210
986.32,
2NM310
2000.11
−=σ−=σ  
,2NM310
,2000.34,
2NM310
2000.13
−−=σ−−=σ  
N000.125,EFM,N189.34,EFM,N811.83,EFM −=−==  
2 .4 .  L  -  shaped  Wide  Cons t ruc t ion .    A  cons t ruc t ion  cons i s t ing  
o f  two  square  pane l s  as  shown in  F ig .5  i s  cons idered .   The  edge  
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w i t h  t h e  e n d  p o i n t s  1  a n d  9  i s  c l a m p e d  a n d  a t  t h e  c o r n e r s   
1 4 5  a n d  1 5 3  r e s p e c t i v e l y  t w o  o p p o s i n g  f o r c e s  p a r a l l e l  t o  t h e  
y - a x i s  b u t  w i t h  t h e  s a me  ma g n i t u d e  P  =  1 0 N  a c t .  
I n  t h e  h o r i z o n t a l  p a n e l ,  a c c o r d i n g  t o  t h e  t e c h n i c a l  t h e o r y  
o f  b e n d i n g  o f  p l a t e s ,  a t  a  s u f f i c i e n t l y  l a r g e  d i s t a n c e  f r o m     
the edge with the end points 73 and 81 we have 
,2ha/Pρ12J/Papy ==σ  
w h e r e   i s  t h e  a x i a l  s t r e s s ,  a  i s  t h e  l e n g t h  o f  t h e  s i d e   yσ
of  the  pane l ,  h  the  th ickness  of  the  pane l ,  and  ρ  the  d i s t a n c e  
of  a  node from the l ine determined by the points  5  and 77.  
I n  o u r  c a s e  a  =  0 . 8 m,  h  =  0 . 0 1 m.  T h u s  
  .16/ρ510
3y =σ  
T h e  r e s u l t s  a r e  i n t r o d u c e d  i n  T a b l e  1 .  ( I n  t h i s  t a b l e ,  t h e  
v a l u e s  a r e  e x p r e s s e d  i n  1 0 3  N m - 2 . )  
2 . 5 .  U n i f o r m l y  L o a d e d  C u b e .   A s  t h e  l a s t  e x a m p l e  w e  c a l c u l a t e  
t h e  d e f l e c t i o n s  a n d  m o m e n t s  o f  a  c u b e ,  t h e  f a c e s  o f  w h i c h  a r e  
u n i f o r m l y  l o a d e d .  
The  l eng th  o f  edges  o f  the  cube ,  and  the  th ickness  o f
the panels  were a  = 3m, and h = 0.1m, respect ively.  The Young's  
m o d u l u s ,  t h e  P o i s s o n ' s  r a t i o  a n d  t h e  i n t e n s i t y  o f  a  u n i f o r m      
load  were   Nm1110
1.2E = - 2 ,  µ  =  0 .3 ,  and  p  =  10 4  Nm - 2 ,  r e spec t ive ly .  
The  resu l t s  fo r  maximum def lec t ions  and  moments  a re  g iven  
in  Tab le  2 .   The  exac t  va lues  o f  de f lec t ions ,  and  moments  a t  
cen t res  o f  edges  a re  t aken  to  be  the  va lues  computed  by  
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C o n w a y  [ 1 ] .   A s  t h e y  a r e  a l m o s t  t h e  s a m e  a s  t h e  v a l u e s  
d e r i v e d  f o r  a  c l a m p e d  p l a t e  b y  T i m o s h e n k o  [ 4 ] ,  w e  c o n s i d e r  
t h e  m o m e n t  a t  t h e  c e n t r e  o f  a  c l a m p e d  p l a t e  a s  t h e  e x a c t  v a l u e  
f o r  o u r  c a s e .  
T h e  r e s u l t s  fo r  mome n t s  a r e  v e r y  s a t i s f a c t o r y ,  t h e  r e s u l t s  
f o r  d e f l e c t i o n s  c o mpa r a t i v e l y  g o o d .   I t  s h o u l d  b e  n o t e d  t h a t  t h e  
r e s u l t s  f o r  a  c l a mp e d  a n d  u n i f o r ml y  l o a d e d  s q u a r e  p l a t e  a r e  
p r a c t i c a l l y  t h e  s a m e  ;  t h e y  d i f f e r  f r o m  t h e  r e s u l t s  i n  T a b l e  2  
a t  mos t  b y  a b o u t  2 % .  
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